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polynomial
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based on joint work with A. Abrams, W. Lam



�(n) = n(n� 1)(n� 2)

� satisfies a contraction-deletion rule:

�G(n) = �G�e(n)� �G/e(n)

but is #P -hard to compute in general.

(adjacent vertices have di↵erent colors)

The chromatic polynomial �G(n) of a graph G is the number of proper colorings
with n colors.



A graph G = (V,E)

c : E ! R>0 the edge conductances

B ⇢ V boundary vertices

u : B ! R boundary values

Find f : V ! R harmonic on V \B
and f |B = u.

The Dirichlet problem
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ce(f(x)� f(y))2{
edge energy

f is the unique function with f |B = u minimizing the Dirichlet energy
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A harmonic function induces a compatible orientation: an acyclic orientation
with no internal sources or sinks, and no oriented paths from lower boundary
values to higher boundary values.

We let ⌃ be the set of compatible orientations

How many are there?

“current flows downhill”
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Then
F =

[

�2⌃

F̄�

where F� = {f 2 F | sign(df) = �}.

Let F ⇢ RV be the set of functions with boundary values u and no internal
extrema.
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The F� are convex polytopes.
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Fixed energy problem:



Can we adjust edge conductances so that all bulbs

burn with the same brightness?



a b

c

d e

a(bd+ cd+ ce+ de)2

(ab+ ac+ ae+ bc+ bd+ cd+ ce+ de)2
,

b(ae+ cd+ ce+ de)2

(ab+ ac+ ae+ bc+ bd+ cd+ ce+ de)2
,

c(bd� ae)2

(ab+ ac+ ae+ bc+ bd+ cd+ ce+ de)2
,

d(ab+ ac+ ae+ bc)2

(ab+ ac+ ae+ bc+ bd+ cd+ ce+ de)2
,

e(ab+ ac+ bc+ bd)2

(ab+ ac+ ae+ bc+ bd+ cd+ ce+ de)2

(

)

 (a, b, c, d, e) =

Example

 : (0,1)E ! [0,1)ELet be the map from conductances to energies.

0
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choice of conductances {ce} for which the associated harmonic function

realizes this data.

 : (0,1)E ! [0,1)ELet be the map from conductances to energies.

Theorem 1: For any � 2 ⌃ and {Ee > 0} there is a unique

=
X

y⇠x

Ee
h(x)� h(y)

0

Thm 2: The harmonic functions h with energies {Ee} are the solutions to the
system of equations

Thm 3: The number of solutions N = |⌃| satisfies the contraction-deletion rule
NG = NG�e +NG/e.

the enharmonic equation
“energy � harmonic”

exactly
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_
<latexit sha1_base64="gBP/+mz+8GbqHdL50zOk7uZHhsA=">AAAB6nicbZDPSgMxEMZn679a/1U9egkWwVPZ1YN60YIXjxVcW2iXkk1n29Bkd0myhVL6Cl48qHj1TXwDb76N2bYHbf0g8OP7ZsjMhKng2rjut1NYWV1b3yhulra2d3b3yvsHjzrJFEOfJSJRzZBqFDxG33AjsJkqpDIU2AgHt3neGKLSPIkfzCjFQNJezCPOqMmt9hCxU664VXcqsgzeHCo3n+fnNQCod8pf7W7CMomxYYJq3fLc1ARjqgxnAieldqYxpWxAe9iyGFOJOhhPZ52QE+t0SZQo+2JDpu7vjjGVWo9kaCslNX29mOXmf1krM9FlMOZxmhmM2eyjKBPEJCRfnHS5QmbEyAJlittZCetTRZmx5ynZI3iLKy+Df1a9qnr3bqV2DTMV4QiO4RQ8uIAa3EEdfGDQhyd4gVdHOs/Om/M+Ky04855D+CPn4we43Y+y</latexit><latexit sha1_base64="6G8SwT0PiyOvzhVjzWbzpTaXYMU=">AAAB6nicbZDNSgMxFIUz9a/Wv6pLN8EiuCozulA3WnDjsoJjC+1QMumdNjTJDEmmUIa+ghsXKm59E9/AnW9jZtqFth4IfJxzL7n3hgln2rjut1NaWV1b3yhvVra2d3b3qvsHjzpOFQWfxjxW7ZBo4EyCb5jh0E4UEBFyaIWj2zxvjUFpFssHM0kgEGQgWcQoMbnVHQP0qjW37hbCy+DNoXbzeV6o2at+dfsxTQVIQznRuuO5iQkyogyjHKaVbqohIXREBtCxKIkAHWTFrFN8Yp0+jmJlnzS4cH93ZERoPRGhrRTEDPVilpv/ZZ3URJdBxmSSGpB09lGUcmxinC+O+0wBNXxigVDF7KyYDoki1NjzVOwRvMWVl8E/q1/VvXu31rhGM5XRETpGp8hDF6iB7lAT+YiiIXpCL+jVEc6z8+a8z0pLzrznEP2R8/EDc06QPg==</latexit><latexit sha1_base64="6G8SwT0PiyOvzhVjzWbzpTaXYMU=">AAAB6nicbZDNSgMxFIUz9a/Wv6pLN8EiuCozulA3WnDjsoJjC+1QMumdNjTJDEmmUIa+ghsXKm59E9/AnW9jZtqFth4IfJxzL7n3hgln2rjut1NaWV1b3yhvVra2d3b3qvsHjzpOFQWfxjxW7ZBo4EyCb5jh0E4UEBFyaIWj2zxvjUFpFssHM0kgEGQgWcQoMbnVHQP0qjW37hbCy+DNoXbzeV6o2at+dfsxTQVIQznRuuO5iQkyogyjHKaVbqohIXREBtCxKIkAHWTFrFN8Yp0+jmJlnzS4cH93ZERoPRGhrRTEDPVilpv/ZZ3URJdBxmSSGpB09lGUcmxinC+O+0wBNXxigVDF7KyYDoki1NjzVOwRvMWVl8E/q1/VvXu31rhGM5XRETpGp8hDF6iB7lAT+YiiIXpCL+jVEc6z8+a8z0pLzrznEP2R8/EDc06QPg==</latexit>

<latexit sha1_base64="6G8SwT0PiyOvzhVjzWbzpTaXYMU=">AAAB6nicbZDNSgMxFIUz9a/Wv6pLN8EiuCozulA3WnDjsoJjC+1QMumdNjTJDEmmUIa+ghsXKm59E9/AnW9jZtqFth4IfJxzL7n3hgln2rjut1NaWV1b3yhvVra2d3b3qvsHjzpOFQWfxjxW7ZBo4EyCb5jh0E4UEBFyaIWj2zxvjUFpFssHM0kgEGQgWcQoMbnVHQP0qjW37hbCy+DNoXbzeV6o2at+dfsxTQVIQznRuuO5iQkyogyjHKaVbqohIXREBtCxKIkAHWTFrFN8Yp0+jmJlnzS4cH93ZERoPRGhrRTEDPVilpv/ZZ3URJdBxmSSGpB09lGUcmxinC+O+0wBNXxigVDF7KyYDoki1NjzVOwRvMWVl8E/q1/VvXu31rhGM5XRETpGp8hDF6iB7lAT+YiiIXpCL+jVEc6z8+a8z0pLzrznEP2R8/EDc06QPg==</latexit><latexit sha1_base64="RWAFbUoxJoIjEusyffyiFcT5w9I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m8qBcpePFYwWihDWWznbRLd5OwuymU0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YSq4Nq777VTW1jc2t6rbtZ3dvf2D+uHRo04yxdBniUhUJ6QaBY/RN9wI7KQKqQwFPoXj28J/mqDSPIkfzDTFQNJhzCPOqCmk3gSxX2+4TXcOskq8kjSgRLtf/+oNEpZJjA0TVOuu56YmyKkynAmc1XqZxpSyMR1i19KYStRBPr91Rs6sMiBRomzFhszV3xM5lVpPZWg7JTUjvewV4n9eNzPRVZDzOM0MxmyxKMoEMQkpHicDrpAZMbWEMsXtrYSNqKLM2HhqNgRv+eVV4l80r5vevdto3ZRpVOEETuEcPLiEFtxBG3xgMIJneIU3RzovzrvzsWitOOXMMfyB8/kDfMmOCg==</latexit>

8x 2 V \B,
<latexit sha1_base64="eo2pP91bZj1K7oszm46RhCp79zs=">AAACAnicbVA9SwNBEJ3zM8avUzsFWQyChYQ7G7WRoI1lBC8J5I6wt9lLluztHbt7YggBG39EOisbCxVbf4Wd/8bNR6GJDwYe780wMy9MOVPacb6tufmFxaXl3Ep+dW19Y9Pe2q6oJJOEeiThiayFWFHOBPU005zWUklxHHJaDTtXQ796R6ViibjV3ZQGMW4JFjGCtZEa9q4fJRJzju59JlDFV1THTGQKXR437IJTdEZAs8SdkEJpfzB4AoByw/7ymwnJYio04VipuuukOuhhqRnhtJ/3M0VTTDq4ReuGChxTFfRGP/TRoVGayBxjSmg0Un9P9HCsVDcOTWeMdVtNe0PxP6+e6egs6DGRZpoKMl4UZRzpBA0DQU0mKdG8awgmkplbEWljiYk2seVNCO70y7PEOymeF90bE8YFjJGDPTiAI3DhFEpwDWXwgMADPMMrvFmP1ov1bn2MW+esycwO/IH1+QN7SJkq</latexit><latexit sha1_base64="GzgZs05//VA5ft9n8tvZdw7HKeQ=">AAACAnicbVDLSsNAFJ3UV62vqDsFGSyCCymJG3UjRTcuK5i20IQymU7aoTOTMDMRSyi48SP0A9y4UHHrV7jzb5y0XWjrgQuHc+7l3nvChFGlHefbKszNLywuFZdLK6tr6xv25lZdxanExMMxi2UzRIowKoinqWakmUiCeMhII+xf5n7jlkhFY3GjBwkJOOoKGlGMtJHa9o4fxRIxBu98KmDdV0RzKlIFL47adtmpOCPAWeJOSLm695jjqda2v/xOjFNOhMYMKdVynUQHGZKaYkaGJT9VJEG4j7qkZahAnKggG/0whAdG6UBzjCmh4Uj9PZEhrtSAh6aTI91T014u/ue1Uh2dBhkVSaqJwONFUcqgjmEeCOxQSbBmA0MQltTcCnEPSYS1ia1kQnCnX54l3nHlrOJemzDOwRhFsAv2wSFwwQmogitQAx7A4B48g1fwZj1YL9a79TFuLViTmW3wB9bnD9bAmu8=</latexit><latexit sha1_base64="GzgZs05//VA5ft9n8tvZdw7HKeQ=">AAACAnicbVDLSsNAFJ3UV62vqDsFGSyCCymJG3UjRTcuK5i20IQymU7aoTOTMDMRSyi48SP0A9y4UHHrV7jzb5y0XWjrgQuHc+7l3nvChFGlHefbKszNLywuFZdLK6tr6xv25lZdxanExMMxi2UzRIowKoinqWakmUiCeMhII+xf5n7jlkhFY3GjBwkJOOoKGlGMtJHa9o4fxRIxBu98KmDdV0RzKlIFL47adtmpOCPAWeJOSLm695jjqda2v/xOjFNOhMYMKdVynUQHGZKaYkaGJT9VJEG4j7qkZahAnKggG/0whAdG6UBzjCmh4Uj9PZEhrtSAh6aTI91T014u/ue1Uh2dBhkVSaqJwONFUcqgjmEeCOxQSbBmA0MQltTcCnEPSYS1ia1kQnCnX54l3nHlrOJemzDOwRhFsAv2wSFwwQmogitQAx7A4B48g1fwZj1YL9a79TFuLViTmW3wB9bnD9bAmu8=</latexit>

<latexit sha1_base64="GzgZs05//VA5ft9n8tvZdw7HKeQ=">AAACAnicbVDLSsNAFJ3UV62vqDsFGSyCCymJG3UjRTcuK5i20IQymU7aoTOTMDMRSyi48SP0A9y4UHHrV7jzb5y0XWjrgQuHc+7l3nvChFGlHefbKszNLywuFZdLK6tr6xv25lZdxanExMMxi2UzRIowKoinqWakmUiCeMhII+xf5n7jlkhFY3GjBwkJOOoKGlGMtJHa9o4fxRIxBu98KmDdV0RzKlIFL47adtmpOCPAWeJOSLm695jjqda2v/xOjFNOhMYMKdVynUQHGZKaYkaGJT9VJEG4j7qkZahAnKggG/0whAdG6UBzjCmh4Uj9PZEhrtSAh6aTI91T014u/ue1Uh2dBhkVSaqJwONFUcqgjmEeCOxQSbBmA0MQltTcCnEPSYS1ia1kQnCnX54l3nHlrOJemzDOwRhFsAv2wSFwwQmogitQAx7A4B48g1fwZj1YL9a79TFuLViTmW3wB9bnD9bAmu8=</latexit><latexit sha1_base64="K1s4UvbAnB+e+9ipLN/yOVlhMLw=">AAACAnicbVBNS8NAEN34WetX1JteFovgQUriRb1I0YvHCqYtNKFstpN26WYTdjdiCQUv/hUvHlS8+iu8+W/ctjlo64OBx3szzMwLU86Udpxva2FxaXlltbRWXt/Y3Nq2d3YbKskkBY8mPJGtkCjgTICnmebQSiWQOOTQDAfXY795D1KxRNzpYQpBTHqCRYwSbaSOve9HiSSc4wefCdzwFeiYiUzhq5OOXXGqzgR4nrgFqaAC9Y795XcTmsUgNOVEqbbrpDrIidSMchiV/UxBSuiA9KBtqCAxqCCf/DDCR0bpYnOMKaHxRP09kZNYqWEcms6Y6L6a9cbif14709F5kDORZhoEnS6KMo51gseB4C6TQDUfGkKoZOZWTPtEEqpNbGUTgjv78jzxTqsXVffWqdQuizRK6AAdomPkojNUQzeojjxE0SN6Rq/ozXqyXqx362PaumAVM3voD6zPH4mmlvo=</latexit>



Cor: Let Gk be obtained from G by adding k vertices as boundary, attached to
all vertices of G. Then for any choice of k distinct boundary values, the number
of compatible orientations is �G(1� k).
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Lemma: The Jacobian determinant of  has the form

det J =
Y

e=xy

(h(x)� h(y))2.

where the integral is over the m-simplex �m of conductances summing to 1,
and Z =

P
e=xy cxy(h(x)� h(y))2.

Corollary:
<latexit sha1_base64="0zn0fht8e/pb18LVALC8ClRNLnM=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0l68eMghV48VjC20Jay2W7apZvdsLsphNB/4sWDild/ijf/jds2B219MPB4b4aZeWHCmTae9+2UNja3tnfKu5W9/YPDI/f45EnLVBEaEMml6oRYU84EDQwznHYSRXEcctoOJ825355SpZkUjyZLaD/GI8EiRrCx0sB1814YoaZUknOsstvZwK16NW8BtE78glShQGvgfvWGkqQxFYZwrHXX9xLTz7EyjHA6q/RSTRNMJnhEu5YKHFPdzxeXz9CFVYYoksqWMGih/p7Icax1Foe2M8ZmrFe9ufif101NdN3PmUhSQwVZLopSjoxE8xjQkClKDM8swUQxeysiY6wwMTasig3BX315nQT12k3Nf6hXG3dFGmU4g3O4BB+uoAH30IIACEzhGV7hzcmdF+fd+Vi2lpxi5hT+wPn8AcMKk0Y=</latexit><latexit sha1_base64="0zn0fht8e/pb18LVALC8ClRNLnM=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0l68eMghV48VjC20Jay2W7apZvdsLsphNB/4sWDild/ijf/jds2B219MPB4b4aZeWHCmTae9+2UNja3tnfKu5W9/YPDI/f45EnLVBEaEMml6oRYU84EDQwznHYSRXEcctoOJ825355SpZkUjyZLaD/GI8EiRrCx0sB1814YoaZUknOsstvZwK16NW8BtE78glShQGvgfvWGkqQxFYZwrHXX9xLTz7EyjHA6q/RSTRNMJnhEu5YKHFPdzxeXz9CFVYYoksqWMGih/p7Icax1Foe2M8ZmrFe9ufif101NdN3PmUhSQwVZLopSjoxE8xjQkClKDM8swUQxeysiY6wwMTasig3BX315nQT12k3Nf6hXG3dFGmU4g3O4BB+uoAH30IIACEzhGV7hzcmdF+fd+Vi2lpxi5hT+wPn8AcMKk0Y=</latexit><latexit sha1_base64="0zn0fht8e/pb18LVALC8ClRNLnM=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0l68eMghV48VjC20Jay2W7apZvdsLsphNB/4sWDild/ijf/jds2B219MPB4b4aZeWHCmTae9+2UNja3tnfKu5W9/YPDI/f45EnLVBEaEMml6oRYU84EDQwznHYSRXEcctoOJ825355SpZkUjyZLaD/GI8EiRrCx0sB1814YoaZUknOsstvZwK16NW8BtE78glShQGvgfvWGkqQxFYZwrHXX9xLTz7EyjHA6q/RSTRNMJnhEu5YKHFPdzxeXz9CFVYYoksqWMGih/p7Icax1Foe2M8ZmrFe9ufif101NdN3PmUhSQwVZLopSjoxE8xjQkClKDM8swUQxeysiY6wwMTasig3BX315nQT12k3Nf6hXG3dFGmU4g3O4BB+uoAH30IIACEzhGV7hzcmdF+fd+Vi2lpxi5hT+wPn8AcMKk0Y=</latexit><latexit sha1_base64="0zn0fht8e/pb18LVALC8ClRNLnM=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0l68eMghV48VjC20Jay2W7apZvdsLsphNB/4sWDild/ijf/jds2B219MPB4b4aZeWHCmTae9+2UNja3tnfKu5W9/YPDI/f45EnLVBEaEMml6oRYU84EDQwznHYSRXEcctoOJ825355SpZkUjyZLaD/GI8EiRrCx0sB1814YoaZUknOsstvZwK16NW8BtE78glShQGvgfvWGkqQxFYZwrHXX9xLTz7EyjHA6q/RSTRNMJnhEu5YKHFPdzxeXz9CFVYYoksqWMGih/p7Icax1Foe2M8ZmrFe9ufif101NdN3PmUhSQwVZLopSjoxE8xjQkClKDM8swUQxeysiY6wwMTasig3BX315nQT12k3Nf6hXG3dFGmU4g3O4BB+uoAH30IIACEzhGV7hzcmdF+fd+Vi2lpxi5hT+wPn8AcMKk0Y=</latexit><latexit sha1_base64="0zn0fht8e/pb18LVALC8ClRNLnM=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0l68eMghV48VjC20Jay2W7apZvdsLsphNB/4sWDild/ijf/jds2B219MPB4b4aZeWHCmTae9+2UNja3tnfKu5W9/YPDI/f45EnLVBEaEMml6oRYU84EDQwznHYSRXEcctoOJ825355SpZkUjyZLaD/GI8EiRrCx0sB1814YoaZUknOsstvZwK16NW8BtE78glShQGvgfvWGkqQxFYZwrHXX9xLTz7EyjHA6q/RSTRNMJnhEu5YKHFPdzxeXz9CFVYYoksqWMGih/p7Icax1Foe2M8ZmrFe9ufif101NdN3PmUhSQwVZLopSjoxE8xjQkClKDM8swUQxeysiY6wwMTasig3BX315nQT12k3Nf6hXG3dFGmU4g3O4BB+uoAH30IIACEzhGV7hzcmdF+fd+Vi2lpxi5hT+wPn8AcMKk0Y=</latexit>
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Proof of Theorems 1 and 2:

Note logM(h) is strictly concave on each polytope F� = {h | sign(dh) = �}.

recall Exy = cxy(h(x)� h(y))2

.
<latexit sha1_base64="kPNcJ9u+vvgthV6zgsMJ1b2xRWo=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4Ckkv6kUKXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8KBNcG8/7dtbWNza3tks75d29/YPDytHxg05zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7cxvPaHSPJX3ZpxhmNCB5DFn1Fip6fYqVc/15iCrxC9IFQo0epWvbj9leYLSMEG17vheZsIJVYYzgdNyN9eYUTaiA+xYKmmCOpzMD52Sc6v0SZwqW9KQufp7YkITrcdJZDsTaoZ62ZuJ/3md3MRX4YTLLDco2WJRnAtiUjL7mvS5QmbE2BLKFLe3EjakijJjsynbEPzll1dJUHOvXb9Zq9ZvijRKcApncAE+XEId7qABATBAeIZXeHMenRfn3flYtK45xcwJ/IHz+QPi3oyA</latexit><latexit sha1_base64="kPNcJ9u+vvgthV6zgsMJ1b2xRWo=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4Ckkv6kUKXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8KBNcG8/7dtbWNza3tks75d29/YPDytHxg05zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7cxvPaHSPJX3ZpxhmNCB5DFn1Fip6fYqVc/15iCrxC9IFQo0epWvbj9leYLSMEG17vheZsIJVYYzgdNyN9eYUTaiA+xYKmmCOpzMD52Sc6v0SZwqW9KQufp7YkITrcdJZDsTaoZ62ZuJ/3md3MRX4YTLLDco2WJRnAtiUjL7mvS5QmbE2BLKFLe3EjakijJjsynbEPzll1dJUHOvXb9Zq9ZvijRKcApncAE+XEId7qABATBAeIZXeHMenRfn3flYtK45xcwJ/IHz+QPi3oyA</latexit><latexit sha1_base64="kPNcJ9u+vvgthV6zgsMJ1b2xRWo=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4Ckkv6kUKXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8KBNcG8/7dtbWNza3tks75d29/YPDytHxg05zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7cxvPaHSPJX3ZpxhmNCB5DFn1Fip6fYqVc/15iCrxC9IFQo0epWvbj9leYLSMEG17vheZsIJVYYzgdNyN9eYUTaiA+xYKmmCOpzMD52Sc6v0SZwqW9KQufp7YkITrcdJZDsTaoZ62ZuJ/3md3MRX4YTLLDco2WJRnAtiUjL7mvS5QmbE2BLKFLe3EjakijJjsynbEPzll1dJUHOvXb9Zq9ZvijRKcApncAE+XEId7qABATBAeIZXeHMenRfn3flYtK45xcwJ/IHz+QPi3oyA</latexit><latexit sha1_base64="kPNcJ9u+vvgthV6zgsMJ1b2xRWo=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4Ckkv6kUKXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8KBNcG8/7dtbWNza3tks75d29/YPDytHxg05zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7cxvPaHSPJX3ZpxhmNCB5DFn1Fip6fYqVc/15iCrxC9IFQo0epWvbj9leYLSMEG17vheZsIJVYYzgdNyN9eYUTaiA+xYKmmCOpzMD52Sc6v0SZwqW9KQufp7YkITrcdJZDsTaoZ62ZuJ/3md3MRX4YTLLDco2WJRnAtiUjL7mvS5QmbE2BLKFLe3EjakijJjsynbEPzll1dJUHOvXb9Zq9ZvijRKcApncAE+XEId7qABATBAeIZXeHMenRfn3flYtK45xcwJ/IHz+QPi3oyA</latexit><latexit sha1_base64="kPNcJ9u+vvgthV6zgsMJ1b2xRWo=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4Ckkv6kUKXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8KBNcG8/7dtbWNza3tks75d29/YPDytHxg05zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7cxvPaHSPJX3ZpxhmNCB5DFn1Fip6fYqVc/15iCrxC9IFQo0epWvbj9leYLSMEG17vheZsIJVYYzgdNyN9eYUTaiA+xYKmmCOpzMD52Sc6v0SZwqW9KQufp7YkITrcdJZDsTaoZ62ZuJ/3md3MRX4YTLLDco2WJRnAtiUjL7mvS5QmbE2BLKFLe3EjakijJjsynbEPzll1dJUHOvXb9Zq9ZvijRKcApncAE+XEId7qABATBAeIZXeHMenRfn3flYtK45xcwJ/IHz+QPi3oyA</latexit>

(One needs also show that all solutions are real.)
<latexit sha1_base64="uGGO4PLvSfJ3qRbYh33C+Ge3DYk=">AAACGnicbVBNTwIxEO36ifiFevTSSEzwQna5qBdD4sWbmIiQACHdMkBDt920sxpC+B9e/CtePKjxZrz4b+wCBwVf0uT1vZlp54WxFBZ9/9tbWl5ZXVvPbGQ3t7Z3dnN7+3dWJ4ZDlWupTT1kFqRQUEWBEuqxARaFEmrh4DL1a/dgrNDqFocxtCLWU6IrOEMntXOlwrUCqgA6ljJpNbV9/UCxz9BdJbVaJmmhMw1QN1gWT9q5vF/0J6CLJJiRPJmh0s59NjuaJxEo5JJZ2wj8GFsjZlBwCeNsM7EQMz5gPWg4qlgEtjWa7Damx07p0K427iikE/V3x4hF1g6j0FVGDPt23kvF/7xGgt2z1kioOEFQfPpQN5EUNU2Doh1hgKMcOsK4Ee6vlPeZYRxdnFkXQjC/8iKplornxeCmlC9fzNLIkENyRAokIKekTK5IhVQJJ4/kmbySN+/Je/HevY9p6ZI36zkgf+B9/QDek6BD</latexit><latexit sha1_base64="uGGO4PLvSfJ3qRbYh33C+Ge3DYk=">AAACGnicbVBNTwIxEO36ifiFevTSSEzwQna5qBdD4sWbmIiQACHdMkBDt920sxpC+B9e/CtePKjxZrz4b+wCBwVf0uT1vZlp54WxFBZ9/9tbWl5ZXVvPbGQ3t7Z3dnN7+3dWJ4ZDlWupTT1kFqRQUEWBEuqxARaFEmrh4DL1a/dgrNDqFocxtCLWU6IrOEMntXOlwrUCqgA6ljJpNbV9/UCxz9BdJbVaJmmhMw1QN1gWT9q5vF/0J6CLJJiRPJmh0s59NjuaJxEo5JJZ2wj8GFsjZlBwCeNsM7EQMz5gPWg4qlgEtjWa7Damx07p0K427iikE/V3x4hF1g6j0FVGDPt23kvF/7xGgt2z1kioOEFQfPpQN5EUNU2Doh1hgKMcOsK4Ee6vlPeZYRxdnFkXQjC/8iKplornxeCmlC9fzNLIkENyRAokIKekTK5IhVQJJ4/kmbySN+/Je/HevY9p6ZI36zkgf+B9/QDek6BD</latexit><latexit sha1_base64="uGGO4PLvSfJ3qRbYh33C+Ge3DYk=">AAACGnicbVBNTwIxEO36ifiFevTSSEzwQna5qBdD4sWbmIiQACHdMkBDt920sxpC+B9e/CtePKjxZrz4b+wCBwVf0uT1vZlp54WxFBZ9/9tbWl5ZXVvPbGQ3t7Z3dnN7+3dWJ4ZDlWupTT1kFqRQUEWBEuqxARaFEmrh4DL1a/dgrNDqFocxtCLWU6IrOEMntXOlwrUCqgA6ljJpNbV9/UCxz9BdJbVaJmmhMw1QN1gWT9q5vF/0J6CLJJiRPJmh0s59NjuaJxEo5JJZ2wj8GFsjZlBwCeNsM7EQMz5gPWg4qlgEtjWa7Damx07p0K427iikE/V3x4hF1g6j0FVGDPt23kvF/7xGgt2z1kioOEFQfPpQN5EUNU2Doh1hgKMcOsK4Ee6vlPeZYRxdnFkXQjC/8iKplornxeCmlC9fzNLIkENyRAokIKekTK5IhVQJJ4/kmbySN+/Je/HevY9p6ZI36zkgf+B9/QDek6BD</latexit><latexit sha1_base64="uGGO4PLvSfJ3qRbYh33C+Ge3DYk=">AAACGnicbVBNTwIxEO36ifiFevTSSEzwQna5qBdD4sWbmIiQACHdMkBDt920sxpC+B9e/CtePKjxZrz4b+wCBwVf0uT1vZlp54WxFBZ9/9tbWl5ZXVvPbGQ3t7Z3dnN7+3dWJ4ZDlWupTT1kFqRQUEWBEuqxARaFEmrh4DL1a/dgrNDqFocxtCLWU6IrOEMntXOlwrUCqgA6ljJpNbV9/UCxz9BdJbVaJmmhMw1QN1gWT9q5vF/0J6CLJJiRPJmh0s59NjuaJxEo5JJZ2wj8GFsjZlBwCeNsM7EQMz5gPWg4qlgEtjWa7Damx07p0K427iikE/V3x4hF1g6j0FVGDPt23kvF/7xGgt2z1kioOEFQfPpQN5EUNU2Doh1hgKMcOsK4Ee6vlPeZYRxdnFkXQjC/8iKplornxeCmlC9fzNLIkENyRAokIKekTK5IhVQJJ4/kmbySN+/Je/HevY9p6ZI36zkgf+B9/QDek6BD</latexit><latexit sha1_base64="uGGO4PLvSfJ3qRbYh33C+Ge3DYk=">AAACGnicbVBNTwIxEO36ifiFevTSSEzwQna5qBdD4sWbmIiQACHdMkBDt920sxpC+B9e/CtePKjxZrz4b+wCBwVf0uT1vZlp54WxFBZ9/9tbWl5ZXVvPbGQ3t7Z3dnN7+3dWJ4ZDlWupTT1kFqRQUEWBEuqxARaFEmrh4DL1a/dgrNDqFocxtCLWU6IrOEMntXOlwrUCqgA6ljJpNbV9/UCxz9BdJbVaJmmhMw1QN1gWT9q5vF/0J6CLJJiRPJmh0s59NjuaJxEo5JJZ2wj8GFsjZlBwCeNsM7EQMz5gPWg4qlgEtjWa7Damx07p0K427iikE/V3x4hF1g6j0FVGDPt23kvF/7xGgt2z1kioOEFQfPpQN5EUNU2Doh1hgKMcOsK4Ee6vlPeZYRxdnFkXQjC/8iKplornxeCmlC9fzNLIkENyRAokIKekTK5IhVQJJ4/kmbySN+/Je/HevY9p6ZI36zkgf+B9/QDek6BD</latexit>

Solutions of the enharmonic equation are critical points of the functional
<latexit sha1_base64="FUjNJokcrfkbgG9Go7TcRSZrGpw=">AAACMnicbVBNSwMxFMzWr1q/qh69BIvgqez2ol5E8CKeKlor1FKy6VsbzCZr8iKU4n/y4h/xIIgHFa/+CLNtEa0OPBhm5vF4E2dSWAzD56AwNT0zO1ecLy0sLi2vlFfXzq12hkODa6nNRcwsSKGggQIlXGQGWBpLaMbXh7nfvAVjhVZn2M+gnbIrJRLBGXqpUz4+1dLl1FKdUOwBBdVjJtVKcAo3bhijzADlRqBfkzTTQuF3PHGK5xkmO+VKWA2HoH9JNCYVMka9U3687GruUlDIJbO2FYUZtgfM+DsS7kqXzkLG+DW7gpaniqVg24Phz3d0yytdmmjjRyEdqj83Biy1tp/GPpky7NlJLxf/81oOk932QKjMISg+OpQ4SVHTvEDaFQY4yr4nbNQJ5b4xxtHXXPIlRJMv/yWNWnWvGp3UKgf74zaKZINskm0SkR1yQI5InTQIJ/fkibySt+AheAneg49RtBCMd9bJLwSfXzPaq3Y=</latexit><latexit sha1_base64="FUjNJokcrfkbgG9Go7TcRSZrGpw=">AAACMnicbVBNSwMxFMzWr1q/qh69BIvgqez2ol5E8CKeKlor1FKy6VsbzCZr8iKU4n/y4h/xIIgHFa/+CLNtEa0OPBhm5vF4E2dSWAzD56AwNT0zO1ecLy0sLi2vlFfXzq12hkODa6nNRcwsSKGggQIlXGQGWBpLaMbXh7nfvAVjhVZn2M+gnbIrJRLBGXqpUz4+1dLl1FKdUOwBBdVjJtVKcAo3bhijzADlRqBfkzTTQuF3PHGK5xkmO+VKWA2HoH9JNCYVMka9U3687GruUlDIJbO2FYUZtgfM+DsS7kqXzkLG+DW7gpaniqVg24Phz3d0yytdmmjjRyEdqj83Biy1tp/GPpky7NlJLxf/81oOk932QKjMISg+OpQ4SVHTvEDaFQY4yr4nbNQJ5b4xxtHXXPIlRJMv/yWNWnWvGp3UKgf74zaKZINskm0SkR1yQI5InTQIJ/fkibySt+AheAneg49RtBCMd9bJLwSfXzPaq3Y=</latexit><latexit sha1_base64="FUjNJokcrfkbgG9Go7TcRSZrGpw=">AAACMnicbVBNSwMxFMzWr1q/qh69BIvgqez2ol5E8CKeKlor1FKy6VsbzCZr8iKU4n/y4h/xIIgHFa/+CLNtEa0OPBhm5vF4E2dSWAzD56AwNT0zO1ecLy0sLi2vlFfXzq12hkODa6nNRcwsSKGggQIlXGQGWBpLaMbXh7nfvAVjhVZn2M+gnbIrJRLBGXqpUz4+1dLl1FKdUOwBBdVjJtVKcAo3bhijzADlRqBfkzTTQuF3PHGK5xkmO+VKWA2HoH9JNCYVMka9U3687GruUlDIJbO2FYUZtgfM+DsS7kqXzkLG+DW7gpaniqVg24Phz3d0yytdmmjjRyEdqj83Biy1tp/GPpky7NlJLxf/81oOk932QKjMISg+OpQ4SVHTvEDaFQY4yr4nbNQJ5b4xxtHXXPIlRJMv/yWNWnWvGp3UKgf74zaKZINskm0SkR1yQI5InTQIJ/fkibySt+AheAneg49RtBCMd9bJLwSfXzPaq3Y=</latexit><latexit sha1_base64="FUjNJokcrfkbgG9Go7TcRSZrGpw=">AAACMnicbVBNSwMxFMzWr1q/qh69BIvgqez2ol5E8CKeKlor1FKy6VsbzCZr8iKU4n/y4h/xIIgHFa/+CLNtEa0OPBhm5vF4E2dSWAzD56AwNT0zO1ecLy0sLi2vlFfXzq12hkODa6nNRcwsSKGggQIlXGQGWBpLaMbXh7nfvAVjhVZn2M+gnbIrJRLBGXqpUz4+1dLl1FKdUOwBBdVjJtVKcAo3bhijzADlRqBfkzTTQuF3PHGK5xkmO+VKWA2HoH9JNCYVMka9U3687GruUlDIJbO2FYUZtgfM+DsS7kqXzkLG+DW7gpaniqVg24Phz3d0yytdmmjjRyEdqj83Biy1tp/GPpky7NlJLxf/81oOk932QKjMISg+OpQ4SVHTvEDaFQY4yr4nbNQJ5b4xxtHXXPIlRJMv/yWNWnWvGp3UKgf74zaKZINskm0SkR1yQI5InTQIJ/fkibySt+AheAneg49RtBCMd9bJLwSfXzPaq3Y=</latexit><latexit sha1_base64="FUjNJokcrfkbgG9Go7TcRSZrGpw=">AAACMnicbVBNSwMxFMzWr1q/qh69BIvgqez2ol5E8CKeKlor1FKy6VsbzCZr8iKU4n/y4h/xIIgHFa/+CLNtEa0OPBhm5vF4E2dSWAzD56AwNT0zO1ecLy0sLi2vlFfXzq12hkODa6nNRcwsSKGggQIlXGQGWBpLaMbXh7nfvAVjhVZn2M+gnbIrJRLBGXqpUz4+1dLl1FKdUOwBBdVjJtVKcAo3bhijzADlRqBfkzTTQuF3PHGK5xkmO+VKWA2HoH9JNCYVMka9U3687GruUlDIJbO2FYUZtgfM+DsS7kqXzkLG+DW7gpaniqVg24Phz3d0yytdmmjjRyEdqj83Biy1tp/GPpky7NlJLxf/81oOk932QKjMISg+OpQ4SVHTvEDaFQY4yr4nbNQJ5b4xxtHXXPIlRJMv/yWNWnWvGp3UKgf74zaKZINskm0SkR1yQI5InTQIJ/fkibySt+AheAneg49RtBCMd9bJLwSfXzPaq3Y=</latexit>



Proof of Theorem 3:

Recall that Ee = ce(h(x) � h(y))2 = IeVe where Ie = ce(h(x) � h(y)) and
Ve = h(x)� h(y).

When Ee ! 0, either Ie ! 0 or Ve ! 0 (or both). In the first case, delete
the edge; in the second contract the edge.

Conversely, the operation of contracting or deleting is reversible by adding
in an edge of small energy. ⇤



applications
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voltage = y-coordinate
edge = rectangle

current = width

conductance = aspect ratio
energy = area

Smith diagram of a planar network
(with a harmonic function)
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This graph has 12 acyclic orientations with source at 1 and sink at 0.

(|⌃| = 12.)
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1.

2.

3.

4.

5.

6.
7.

8.

9.
10.

11.

12.

v0

v1

3
2

1

12 11

6 4

9
8 7

5

10

width(1) is the root of a polynomial:
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area-1 rectangulations based on the 40⇥ 40 grid
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If a polygon P can be tiled with rectangles of rational area,

horizontal lengths are in a totally real extension field of Q[v1, . . . , vk].

Cor.

Area 1 but not tileable.
<latexit sha1_base64="hGKbGlsloLp8jiNn3GJsg2GJMxk=">AAACD3icbVC7TsMwFHV4lvIKMLJYtAimKOkCLKiIhbFIhFZqo8px3daq40T2DVIV9RNY+BUWBkCsrGz8DW6aAVqOZOno3HMfPmEiuAbX/baWlldW19ZLG+XNre2dXXtv/17HqaLMp7GIVSskmgkumQ8cBGslipEoFKwZjq6n9eYDU5rH8g7GCQsiMpC8zykBI3XtkyvjxlWvisMUcNbJJ2aK9SYyBgxcMGJGTZyuXXEdNwdeJF5BKqhAo2t/dXoxTSMmgQqiddtzEwgyooBTM7DcSTVLCB2RAWsbKknEdJDl6yf42Cg93I+VeRJwrv7uyEik9TgKjTMiMNTztan4X62dQv88yLhMUmCSzhb1U4EhxtN0cI8rRkGMDSFUcXMrpkOiCAWTYdmE4M1/eZH4NefC8W5rlfplkUYJHaIjdIo8dIbq6AY1kI8oekTP6BW9WU/Wi/VufcysS1bRc4D+wPr8AfUhnCM=</latexit><latexit sha1_base64="hGKbGlsloLp8jiNn3GJsg2GJMxk=">AAACD3icbVC7TsMwFHV4lvIKMLJYtAimKOkCLKiIhbFIhFZqo8px3daq40T2DVIV9RNY+BUWBkCsrGz8DW6aAVqOZOno3HMfPmEiuAbX/baWlldW19ZLG+XNre2dXXtv/17HqaLMp7GIVSskmgkumQ8cBGslipEoFKwZjq6n9eYDU5rH8g7GCQsiMpC8zykBI3XtkyvjxlWvisMUcNbJJ2aK9SYyBgxcMGJGTZyuXXEdNwdeJF5BKqhAo2t/dXoxTSMmgQqiddtzEwgyooBTM7DcSTVLCB2RAWsbKknEdJDl6yf42Cg93I+VeRJwrv7uyEik9TgKjTMiMNTztan4X62dQv88yLhMUmCSzhb1U4EhxtN0cI8rRkGMDSFUcXMrpkOiCAWTYdmE4M1/eZH4NefC8W5rlfplkUYJHaIjdIo8dIbq6AY1kI8oekTP6BW9WU/Wi/VufcysS1bRc4D+wPr8AfUhnCM=</latexit><latexit sha1_base64="hGKbGlsloLp8jiNn3GJsg2GJMxk=">AAACD3icbVC7TsMwFHV4lvIKMLJYtAimKOkCLKiIhbFIhFZqo8px3daq40T2DVIV9RNY+BUWBkCsrGz8DW6aAVqOZOno3HMfPmEiuAbX/baWlldW19ZLG+XNre2dXXtv/17HqaLMp7GIVSskmgkumQ8cBGslipEoFKwZjq6n9eYDU5rH8g7GCQsiMpC8zykBI3XtkyvjxlWvisMUcNbJJ2aK9SYyBgxcMGJGTZyuXXEdNwdeJF5BKqhAo2t/dXoxTSMmgQqiddtzEwgyooBTM7DcSTVLCB2RAWsbKknEdJDl6yf42Cg93I+VeRJwrv7uyEik9TgKjTMiMNTztan4X62dQv88yLhMUmCSzhb1U4EhxtN0cI8rRkGMDSFUcXMrpkOiCAWTYdmE4M1/eZH4NefC8W5rlfplkUYJHaIjdIo8dIbq6AY1kI8oekTP6BW9WU/Wi/VufcysS1bRc4D+wPr8AfUhnCM=</latexit><latexit sha1_base64="hGKbGlsloLp8jiNn3GJsg2GJMxk=">AAACD3icbVC7TsMwFHV4lvIKMLJYtAimKOkCLKiIhbFIhFZqo8px3daq40T2DVIV9RNY+BUWBkCsrGz8DW6aAVqOZOno3HMfPmEiuAbX/baWlldW19ZLG+XNre2dXXtv/17HqaLMp7GIVSskmgkumQ8cBGslipEoFKwZjq6n9eYDU5rH8g7GCQsiMpC8zykBI3XtkyvjxlWvisMUcNbJJ2aK9SYyBgxcMGJGTZyuXXEdNwdeJF5BKqhAo2t/dXoxTSMmgQqiddtzEwgyooBTM7DcSTVLCB2RAWsbKknEdJDl6yf42Cg93I+VeRJwrv7uyEik9TgKjTMiMNTztan4X62dQv88yLhMUmCSzhb1U4EhxtN0cI8rRkGMDSFUcXMrpkOiCAWTYdmE4M1/eZH4NefC8W5rlfplkUYJHaIjdIo8dIbq6AY1kI8oekTP6BW9WU/Wi/VufcysS1bRc4D+wPr8AfUhnCM=</latexit><latexit sha1_base64="hGKbGlsloLp8jiNn3GJsg2GJMxk=">AAACD3icbVC7TsMwFHV4lvIKMLJYtAimKOkCLKiIhbFIhFZqo8px3daq40T2DVIV9RNY+BUWBkCsrGz8DW6aAVqOZOno3HMfPmEiuAbX/baWlldW19ZLG+XNre2dXXtv/17HqaLMp7GIVSskmgkumQ8cBGslipEoFKwZjq6n9eYDU5rH8g7GCQsiMpC8zykBI3XtkyvjxlWvisMUcNbJJ2aK9SYyBgxcMGJGTZyuXXEdNwdeJF5BKqhAo2t/dXoxTSMmgQqiddtzEwgyooBTM7DcSTVLCB2RAWsbKknEdJDl6yf42Cg93I+VeRJwrv7uyEik9TgKjTMiMNTztan4X62dQv88yLhMUmCSzhb1U4EhxtN0cI8rRkGMDSFUcXMrpkOiCAWTYdmE4M1/eZH4NefC8W5rlfplkUYJHaIjdIo8dIbq6AY1kI8oekTP6BW9WU/Wi/VufcysS1bRc4D+wPr8AfUhnCM=</latexit>



Bipolar orientations on Z2 and square ice

(with Miller, She�eld, Wilson)



add a row of edges around the boundary oriented N and W



From each black vertex, the two outgoing green arrows separate

the incoming and outgoing black arrows

From each face center, outgoing green arrows point to the face max and min.



Bend outgoing edges right if from vertices, left if from faces.



The associated peano curve, colored according to distance traveled



(Conjectural) SLE12 scaling limit



Thank you


